A Modified Similarity Degree for C*-algebras 

Don Hadwin and Junhao Shen 

Abstract. We define variants of Pisier's similarity degree for unital C*-algebras and use 
direct integral theory to obtain new results. We prove that if every Hi factor representation 
of a separable C*-algebra A has property T, then the similarity degree of A is at most 11. 

G. Pisier's similarity degree |10] - |14j has been one of the most far-reaching advances on R. 
Kadison's similarity problem [7], which asks whether every bounded homomorphism p from 
a C*-algebra A into the operators on a Hilbert space must be similar to a ^-homomorphism. 
Many classical results on the similarity degree are contained in [14J. There has been some 
recent interest on this subject |16j . [8], [BJ, [H], [3]. 

In this paper we define two variants of G. Pisier's similarity degree [10j-[14|, one for 
C*-algebras and one for von Neumann algebras. Our main result (Theorem |H]) relates our 
C*-invariant for a separable unital C*-algebra to the supremum of the W*-invariant of all 
the Hi factor representations of the algebra. This result yields bounds on the similarity 
degree in some new cases, including some crossed products and the class of separable unital 
C*-algebras whose Hi factor representations all have property T. 

It was shown by U. Haagerup [2] (see also the union of [3] and |18j ) that a bounded ho- 
momorphism p on a C*-algebra is similar to a *-homomorphism if and only if it is completely 
bounded, i.e., ||p|| c6 = sup neN ||p n || < oo, where p n is defined on M. n {A) by 

Pn ([%■]) = [/?(%■)] 

for every [ay] G M. n {A). 

G. Pisier defined the similarity degree of A, denoted by d {A) to be the smallest positive 
integer d (if one exists) for which there is a positive number k such that, for every unital 
C*-algebra B and every bounded unital homomorphism p : A — > B we have 

IML<«IMI^- 

If there is no such pair d, k, we define d (A) = oo. We denote the smallest k by k (A). 
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There has been much attention focused on the similarity degree without much attention to 
K. It is known |14] that when A is finite-dimensional, d (A) = 1 and that when A is infinite- 
dimensional, then d (A) > 2. It follows, for example that, for any strictly increasing sequence 
{A n } of finite-dimensional C*-algebras, d (An) = 1 for every n G N, but k (A n ) — > oo, 
otherwise there would be an infinite-dimensional direct limit A with d (A) = 1. Hence 
determining the similarity degree of a direct sum or direct limit of C*-algebras with the 
same similarity degree is difficult, without also controlling the k's. This motivates us to 
introduce a new invariant that incorporates both d and k. 

Definition 1. We define the modified similarity degree d(A) of A to be the smallest 
positive number 7 > d (A) such that, for every bounded unital algebra homomorphism p : 
A —> B (H), we have 

\\p\\cb <1\\P\V ■ 

Definition 2. If A is a von Neumann algebra, we similarly define d* (A) to be the 
smallest positive number 7 such that 

IML<7lMP 

whenever a bounded unital homomorphism p : A — > B (H) is ultra* strong-ultra* strong con- 
tinuous on the closed unit ball of A, equivalently, ultrastrong-ultrastrong continuous on the 
closed unit ball of A sa = {Re a : a G ^4}. 

The following result is elementary. 

Lemma 3. Suppose A is a unital C*-algebra. Then 
(1) If J is a closed *-ideal in A, then 

d{A/J) < d{A) 

(2) 

d(A) <d (A) < max (d (A) , k (A)) . 

(3) If A is the norm closure of the union of an increasingly directed family {A\ : A G A} 
of unital C*-algebras, then 

d(A) < liminf d(A x ) ■ 

A 

(4) If, in statement (3) above, A is the weak operator closure (or, strong operator clo- 
sure) of the union of the A\ 's, then 

d* (A) < liminf (A'{) < liminf d (A\) . 

A A 

Proof. (1) and (2) are obvious. 
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(3) . If p : A — > B(H) is a bounded unital homomorphism, then, VfiGN, 

llPnll =lim||PnUJ| < lim||p„UJ| cb 

A A 

<liminfd(^ A ) IIpUJI^ 

A 

< liminf d{A x ) \\p\f {Ax) 

A 

< (limMd(Ax)) || p || liminf ^) 

Since ||p|| c6 = sup ngN ||p n ||, the desired result is proved. 

(4) . Let B be the norm closure of the union of the *4a's. If p '■ A — > B (H) is a unital 
homomorphism that is ultrastrong-ultrastrong continuous on the closed unit ball of A sa , 
then it follows from the Kaplansky density theorem that \\p\\ = \\p\b\\ and ||p|| c6 = ||p|,B|| cfe - 
The rest follows from (3). □ 

Corollary 4. Suppose M is a von Neumann Algebra. Then 

d* (M) < inf {d(A) : ACM, A a C*-algebra, A" = m} . 

It was shown by U. Haagerup [2J that if a unital C*-algebra has no tracial states, then 
d (A) = 3 with k = 1, which implies d (A) < 3. Hence if M. is a type loo, type IIqo or type 
III factor, then d(M) = d{M) = 3. In particular, d(B(£ 2 )) = 3. We see that d* does a 
little better. 

Corollary 5. If M. is a hyperfinite von Neumann algebra, then d* (M.) < 2. 
Corollary 6. Suppose A is a unital C*-algebra. Then 

d(A) = l(A**). 

If r is a tracial state on a unital C*-algebra A, we let L 2 (A, r) denote the Hilbert space 
induced by the inner product (a, b) = r(b*a) and let ti t : A — > B(L 2 (A,t)) be the GNS 
representation on A defined by 

7r T (a) (6) = oh 

whenever a, b 6 A. We define 

M T (A) = 7T T (A)" 

be the von Neumann algebra generated by n T (A). It is known (e.g., see [5]) that r is an 
extreme point of the set of tracial states on A if and only if M T (A) is a finite factor von 
Neumann algebra, and, in this case we call r a factor tracial state. 
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Definition 7. We define the modified tracial similarity degree of a unital C*-algebra A 
d tr (A) = sup |d* (M T (A)) : t is a factor tracial state of A 
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Our main result explicitly shows how finding d for separable C*-algebras reduces to 
finding d* for Hi factor von Neumann algebras. 

Theorem 8. Suppose A is a separable unital C*-algebra. Then, 



Proof. Suppose p : A — > B (H) is a unital faithful ^-homomorphism where if is a 
separable infinite-dimensional Hilbert space. By replacing p with p(°°) = p © p © ■ • • , we can 
assume that p is unitarily equivalent to p © p © ■ ■ • . We can extend p to a normal unital 
homomorphism p : *4*# — > B (H) such that p\^ = p and such that p is unitarily equivalent 
to p^ . Since kerp is a weak*-closed ideal in the von Neumann algebra A^, there is a 
central projection Q G ^4 ## such that kerp = (1 — Q)A*#. Let M. = QA**. Since p is 
normal, we see that p (Ai) is weak*-closed (Krein-Shmulyan) and cr = p\ M : M. — > p (.M) is 
a weak*-weak* homeomorphism. Thus the predual of M. is separable, so there is a normal 
faithful ^-homomorphism n : ]V[ — > B (H), and we can assume that tt is unitarily equivalent 
to lit 00 '. Hence we can assume that A C J\A C I? .M = .A", io?^( is unitarily equivalent 
to idffl and that cr : M. — > B (H) is a faithful normal homomorphism such that cr|^ = p 
and cr is unitarily equivalent to c^ 00 -*. It follows from the Pisier-Ringrose theorem |10j . |17] 
that a is ultra*strong-ultra*strong continuous. Since p and tt have infinite multiplicity, we 
know that a is SOT-SOT continuous on M. sa . 

It follows from direct integral theory that, up to unitary equivalence, there is a separable 
infinite-dimensional Hilbert space K and a probability measure space (Q, p) such that H = 
L 2 (p, K) and the center Z (M) of M is 



Hence M C Z = L°° (p, 5 (i/)) and if {<pi, <p 2 , . . .} is a selfadjoint norm-dense subset 
of the closed unit ball of A sa , and hence a strong-operator-dense subset of the closed unit 
ball of M. sa , and, for each u G f2, we let M. w = {ip l (oj) , <p 2 (w) , . . .}", we have 



and .M is {<p G L°° (p, I? (iJ)) : <p (a;) G M. w a.e}. Moreover, we can further assume that 
{if i (u) , <f2 (uj) , • • •} is strong-operator-dense in the closed unit ball of .M* a a.e., and that 
there is a measurable family {tt^ : ui G Q} of unital *-homomorphisms from ^4 to B (K) such 
that, 





{y? G L°° (p, 5 (#)) : <f (uj) G CI a.e.} . 





and 



7r w (.A) = a.e. . 
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Now we want to look at the restriction of a to Z (Ai), which is a bounded unital normal 
injective homomorphism with ||p|| = \\a\\. Since d(Z (Ai)) = 2, there is an invertible 
operator S E B (H) such that \\S\\ {{S^W < \\p\\ 2 and such that a x (■) = Sa (■) S' 1 is an 
injective normal *-homomorphism on Z (Ai). Hence 

W<IHI 2 IHI = IHI 3 - 

Moreover, a (•) = Sai (■) S -1 , so 

IbIL = IklU < Ibll 2 IKL- 

Since o\ is unitarily equivalent to a[°°^ and id_M is unitarily equivalent to (icIm)^ , we see 
that <Ti\Z (Ai) is unitarily equivalent to idz(M)- By putting this unitary with S, we can 
assume that <j\ (T) = T for every T e Z (Ai). This means that o\ is an L°° (fi) = Z (Ai) 
module homomorphism. 

Since Ai C Z (Ai) , we know that 

<Ji (Ai) C Z = L°° (/i, 5 (X)) . 

Hence we can find functions fa, ■ ■ ■ £ L°° (/i, B (K)) such that 

O-l (fn) = i>n 

for every n > 1. 

It is important to note that the </? n 's and ^ n 's are actually representatives of equivalence 
classes since we identify functions that agree almost everywhere. So we must now take some 
care with sets of measure 0. First note that if p (t 1 , . . . , t n ) is a *-polynomial, then 

oi (p (fi, fn)) =p(ipi,...,^ n ), 

and 

lb(^i,---,^n)IL < Ikill Ib^i,...,^)!!^. 

We want to get a better estimate. For each k > 1, let E k be the set of all cu G such that 

lb H > • • • > "0n H) || > Iki II lb (vi M > • • • > fn M) || + ^. 

Since o"i is an L°° (/i) = 2 (.M) module homomorphism, we have 

01 (Xs fc P (V?l, • • • , ¥>n)) = (^1, • • • , 4>n) , 

and 

IIXS fc P(^l,---,^n)IL < |N| ||XE fc p(v?l,...,^n)IL- 

It follows that \x (Ek) = 0. Hence fi (\J n >i/j, (Ek)) = 0. Therefore 

lb(^iH,...,^nH)|| < \\p(ipi(u) ,...,ip n (u))\\ a.e. 

Now we have the following claim. 

Claim 8.1: Let V denote the set of a * -polynomials with coefficients in Cq = Q + iQ. 
We then have 

|b(^i(w),...,^„(a;))|| < |K|| |b (fi H,..., f n H) || a.e. 
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for every p G V . By removing a set of measure zero from Vt, we can assume that the above 
relation hold for every u G f2. 

Let {1 = 71,72, • • •} be an orthonormal basis for L 2 (//) and let {ei,e 2 , . . .} be an or- 
thonormal basis for K. Define Ui^ G H by 

Ui,k (w) = 7» M e fc, V i, fc G N. 

It is well known that {u^ : i, k G N} is an orthonormal basis for H = L 2 (//, K). We can 
define a metric d H on B (H) by 

d H (S,T) 2 =J2 KS ~^ k UtA \ VS,TeB(H) 

i,k=l 

and a metric dx on 5 (X) by 

d K (S,T) 2 = jr KS -^ ekf > VS,TeB(K). 
k=i 

On bounded subsets of B (H) (respectively, B (K)) the metric d H (respectively, d K ) induces 
the strong operator topology. 

We know that a : M. — > B(H) is ultrastrongly-ultrastrongly continuous on M. sa . It 
follows that G\ is uniformly continuous on the closed unit ball B of JH sa , since if {S n } , {T n } 
are sequences in B, we know du (S n , T n ) — > if and only if S n — T n — > ultrastrongly, 
implying 0\ — T n ) = a 1 (S n ) — 0\ (T n ) — > ultrastrongly, which implies d H (S n , T n ) — > 0. 
Therefore, we have the following claim. 

Claim 8.2: Suppose s,r G N. T/ien there is a t TtS G N such that, for every S,T G B, we 
have 

d H (S, T)<^-^d H (a, (S) , a, (T)) < -. 

Let V\ be the set of p G V such that ||p (^i, ^2, • • •) || < 1 and p (ipi,ip2, ■■■)=!> (^1,^2, ■ ■ • )*> 
and write 

V 1 xV 1 = {( Pl ,q 1 ),(p 2 ,q 2 ),...}. 

Let r, s be in N and t r s be as in Claim 8.2. Now suppose j G N , and let Ej >r>s denote the 
set of all u G f2 such that 

rf x (Pj (u),...,if> n (u)) , qj (^1 (w) , . . . , -0n (w))) 2 < 

and 



tr,s 



2 1 

(Pj (^1 H , • • • , ¥>n M) , ?j H , . . . , (f n (w))) > -. 

5 
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Let F hrjS = E hrjS and let F j+1 ^ s = E j+hrjS \ Ui<j<j E ijriS for j e N. Hence if S = 
EJli \ /•;,.../'/ Oi, • • • , ^n) and T = : \ /.-...//; • • • , , we have, for i, fc e N, that 

\\(S - T) u ijk \\ 2 

oo „ 

= / ' 7i ^ I 2 I' M > " " " ' (w)) - Qj (ipl {Uj),...,1p n (w))) e fc f d/X 

and 

dfr(6,7) =2^ 2<+* 

i,fe=l 

= £ / f £ l % ^l 2 11^' ^ Miim^ fe^j ~ gz ^ M » • • • > M)) e fc || 2 \ ^ 



i,j = l JF j,r,s \k=l 

oo 

< 



2«+fc 

/ l7 l M| 2 d/i = 

Thus, by Claim 8.2, we have d H (<7i (£) , <7i (T)) < ^. However, since 71 (w) = 1, we see that 

IKm (5) -(7! (T)) Ml , fc f = 
00 „ 

X] / H(Pj(¥ , lH>--->¥'nH) -q J -(^i(w),...,V'nH))efc|| 2 d^, 

which implies that 

->d H (a, (5), <7i (T)) 
rs 

> ^ JKgi (S)-<n (T)K, fc || 2 

— 2 1+fc 
k=i 

> -j>2 f ^ Ufa' (^1 H) - gj Ql M ; • • • ,lf>n M)) gfcf 



j=l " fc=i 
00 „ 

2 



I f 

= 2 S / rfx ^' ^ ( w ) > • • • > M) , ^ (V'i (w) , . . . , i) n (u)))' z dfi 

j = l J Fj,r,s 
j = l u p j,r,s 

Hence 

I > » ,/•}.,.) = (u? • 
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Let W r ^ s = UjL-yEj^g. Then W r>s is precisely the set of all u G Q for which there is a 
(p, q) G Vi x Vx such that 

2 1 

d K (p (ipl (w) , ■ ■ ■ , 1p n M) , g (^1 (w) , ■ ■ ■ , 4> n (w))) < — 



and 



2 1 

<fe (Pj (<Pl H , • • • , ¥>n M) , Oj (^1 (w) , . . . , y>„ (w))) > -. 



It follows that 

^ (ur =1 n r °° =1 w r> .) = o. 

Hence, if we throw away another set of measure 0, we can assume that 

uf =1 nZi w r , s = 0, 

which implies that 

n~ 1 u r °° =1 (n\w r j = n. 

This means that 

Claim 8. 3: for every oj E Q and every s6N inere are an r G N and, inns, a t r)S G N fas 
m Claim 8.2) such that uj W r , s , i.e., for every (p,q) G V\ x T^i, 



1 

<fc (P (^1 H , • • • , "0n M) , g (^i (w) , . . . , ij n (w))) < — 

6 



implies that 



2 1 

<fo (p Oi (w) , . . . , ^ n H) (w))) < -. 



It follows from Claim 8.1 that, for each u6fl and each p G V, 

Ctu (P Ol (w) , ^2 M , • • •)) = P (Vl ( W ) , V?2 (w) , . . .) 

defines a unital algebra homomorphism from 

H,V 2 M,...):peP} 

to 

{p(^i M,y> 2 H,...) :p G 7?} 
with ||o! w || < ||ci|| < IIpII' 3 - The Claim 8.3 shows that, for each u G Q, a u is oIk-oIk uniformly 



continuous on V\. Hence a w uniquely extends to a unital algebra homomorphism from 
A^oj that is ultrastrong-ultrastrong continuous on the unit ball of M. s ^- It follows that if 
ip G L°° (/i, B (K)) is in M and a x (VO = <p G L°° (//, 5 (X)), then, for every w G Q, 

if (u) = a w (w)) . 

It follows that 

IKL < su P ||« w || c6 . 
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If the factor M u has type I , then it it hyperfinite, so {M u ) < 2. If M^ has type IL^, or 
type III, then U. Haagerup's result [2j implies cf* (M w ) < 3. If the factor M^ has type Hi, 
then (Muj) < d tr (A) by Definition [71 Hence, 

sup d* (MS) < max ( 3, d tr (A) 
Therefore 

|h|| c6 < sup max (3,4 (^)) ||^|| max ( 3 ' dV( ^) < max (3, d tr (A)) \\ p f^(^(A)) ? 

and 

IHIcb = IML < NIL llpf < 3 max (3,4 (A)) \\ p f+z™*(^(A)) 
It follows that 

d (A) < d (A) < 2 + 3 max (3, d tr {A)^j . 

□ 

Erik Christensen pQ proved that if M is a Hi factor with property T, then d (.M) = 3 and 
k (M) = 1, which means d (M) < 3. We will not name or try to give an internal description 
of the class of C*-algebras in the following Corollary, but we note that it clearly contains 
the class of weakly approximately divisible C*-algebras defined in [4]. 

Corollary 9. Suppose A is a separable unital C*-algebra with that property that n T (A)" 
has property F for every factor tracial state r on A. Then 

d(A) < d(A) < 11. 

Note that the following corollary relates d (C* (F n )) and d* (£f„) f° r each integer n > 2. 
Corollary 10. If A is a separable unital C*-algebra with a unique tracial state r, then 

d (M T (A)) < d* [M T (A)) <d(A)<2 + 3 max (3, 4 (M T (A))) . 
We now apply our results to certain crossed products. 

Suppose n > 2 is a positive integer and let G n denote the group generated by the n x n 
diagonal unitary matrices and the permutation matrices. We define an action a on C* (F n ) 
with standard unitary generators u±, . . . , u n , so that if g = DV a with D = diag (Ai, . . . , A n ) 
and V a is the permutation matrix corresponding to o e S n , we let a (g) be the automorphism 
of C* (F n ) that sends Uk to XkU a (k)- 

Corollary 11. Suppose n > 2 and H is an abelian subgroup of G n that is not torsion 
(i.e., H contains at least one element of infinite order). Then 

dtr (C;(F n ) x a H) <3, 

and 

d{C;{¥ n ) xi a H) < 11. 
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Proof. Suppose h £ H has infinite order. Then h nl 7^ i n (the n x n identity ma- 
trix, which is the identity element of G n ). However, h nl must be a diagonal matrix D = 
diag (Aj., . . . , A n ). Moreover, has infinite order, so Xj must be irrational for some 
1 < jo < n - We also know that there is an increasing sequence {m^} in N such that 
D m ^ I m i.e., lim^oo A7 fc = 1 for 1 < j < n. 

Let = W h n\ be the unitary in C* (F n ) x a ii corresponding to /i n! , so that, for every 

A£C;(F n ), 

WAW* = a (h n -) (A) . 

Since 

(^ m *)* - Uj\\ = |A™ fc - l| \\ Uj \\ 
and, since if is abelian tfWj = W g W for every g E H. Hence 

||^m fc y _ J-^m fc || _^ q 

for every T £ C* T (F n ) x Q if. 

Next suppose r is a tracial state on C* (F n ) x Q ff and m is a positive integer. Since 

W m u j0 = \™u j0 W m , 

we conclude that r (H 7 ™ - ) = 0. It follows that M. T (C* (F n ) x Q ii) is a von Neumann algebra 
with property T, so by pQ, 

l(M T (C:(W n )x a H)")<3. 

Hence 

4 (c; (^) X« ii) < 3, 

and 

d(C* r (¥ n ) x a H) < 11. 

□ 

Remark 12. We conclude by reminding the reader of the equivalent formulations of 
Kadison's similarity problem (see, e.g., [14] ) so, for example, showing d(A) < 00 implies 
that if 7r : A — > B (ff ) is a unital *-homomorphism and T £ B (ff ) and T (H) is invariant 
for every operator in 7r (A) , then there is an S £ vr (.A)' such that S {H) = T (ii) . Moreover, 
there is a iT > 1 such that, for every W £ B (H), 

dist (W,7r(A)') < Ksnp{\\7r(U)W -Wtt(U)\\ : U e A,U unitary} . 
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